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We study the time evolution of a thin liquid film coating the outer surface of a
sphere in the presence of gravity, surface tension and thermal gradients. We derive
the fourth-order nonlinear partial differential equation that models the thin film
dynamics, including Marangoni terms arising from the dependence of surface tension
on temperature. We consider two different imposed temperature distributions with
axial or radial thermal gradients. We analyze the stability of a uniform coating
under small perturbations and carry out numerical simulations in COMSOL for a
range of parameter values. In the case of an axial temperature gradient, we find
steady states with either uniform film thickness, or with the fluid accumulating at
the bottom or near the top of the sphere, depending on the total volume of liquid
in the film, dictating whether gravity or Marangoni effects dominate. In the case
of a radial temperature gradient, a stability analysis reveals the most unstable non-
axisymmetric modes on an initially uniform coating film.
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I. INTRODUCTION
The effect of heating on the dynamics of thin liquid films has been studied by many
authors in planar geometry on both smooth and non-smooth substrates. For example an
experimental study applying a local heat source to a liquid film falling down a vertical plate
was carried out by1 They observed the deformation of the film surface into a horizontal bump
shape, which became unstable above some critical heating value and eventually gave rise to
vertical downstream rivulets.2 used the integral boundary-layer approximation of the Navier-
Stokes system and free-surface boundary conditions to model thin film coating flow on an
inclined heated plane and analyzed the linear stability of steady states for different governing
dimensionless groups. The stability analysis of a thin liquid film flowing down an inclined
heated plane was extended to account for the effects of evaporation or condensation by3. It
was also shown that the characteristic time for the development of thin spots decreases as
the fourth power of the evaporation rate. Results on the stability of dry patches forming
in thin liquid films flowing over a heated planar surface were described by4. It was shown
that for liquid metals (high wettability materials), the thermal effects were dominant in
determining the stability of dry patches. The three-dimensional evolution of the long-wave
Marangoni instability of thin liquid films on a planar surface was studied by5. It was
seen that the evolving two-dimensional film is unstable to small three-dimensional random
perturbations. Large scale surface deformations of a liquid film were studied by6. Based
on a linear stability analysis, they concluded that the shape deformation is unstable due
to the Marangoni effect caused by external heating on a smooth and solid substrate. The
stability of a heated liquid film on a plane in the case of a temperature dependent fluid
viscosity was analyzed by7. Through numerical computations, they discovered that when
the fluid viscosity is temperature dependent, the rupture time of the film is reduced relative
to the constant-viscosity case.8 used lubrication theory to derive evolution equations for a
surfactant contaminated liquid film height and cross-sectionally averaged bulk surfactant
concentration. They also studied the special case of the governing equations corresponding
to the Marangoni flow induced by a locally hot region in the liquid layer. Dynamics of
thin liquid films on a heated horizontal wall with parallel grooves on its upper surface were
studied experimentally and numerically by9. They found that the heat transfer in liquid
thin film depends on the topography of the wall surface.
2
Fewer results are available for heated thin liquid films in non-planar geometries. Experi-
mental results on film breakdown and heat flux for sub-cooled water films flowing downwards
on the outside of a vertical uniformly-heated tube can be found in the work of10. Some
numerical simulations of the flow field and associated heat transfer coefficient for a thin
liquid film on a horizontal rotating disk were presented by11.12 studied the onset of steady
Marangoni convection for a thin liquid film coating a rigid sphere for cases where the free
surface was either deformable or non-deformable. It was seen that the liquid layer is always
stable when heated from the outside and may be unstable when heated from the inside if
the magnitude of the non-dimensional Marangoni number is sufficiently large. In this work,
we consider the same geometry as12 but rather than solve for the temperature distribution
as part of the solution after linearization, we simply assume that the temperature field is
externally imposed. The lubrication approximation in the spherical geometry, as used in
our own recent work13 but without rotation and with added Marangoni effects, allows us
to derive a nonlinear initial-boundary-value problem in the form of a single fourth-order
degenerate parabolic partial differential equation for the film thickness. We use this as a
basis to study the case where the temperature varies in the vertical direction in the presence
of gravity. We then examine the case of radial temperature gradients as well and compare
the results from numerical simulations of the nonlinear system with the predictions from a
linearized stability analysis.
Other related areas of research where Marangoni effects at a free surface play an impor-
tant role include thermo-capillary migration of attached droplets along a surface with an
imposed temperature gradient14,15; evaporative instabilities in thin liquid films and climb-
ing films16,17; modulating surface stresses for microfluidic actuation18; and non-isothermal
spreading of liquid drops or thin fluid ridges on solid substrates19,20. The mathematical and
computational challenges of solving higher order partial differential equations such as the
thin-film equation on complex curved surfaces21,22 are also topics of active research.
The article has the following structure: in Section II, we describe the physical model and
derive the governing nonlinear partial differential equation for the evolution of the film profile
under the lubrication approximation. The driving forces in the model include gravity, surface
tension and Marangoni effects. In Section III, we consider the case of an axial temperature
variation and show that it is possible to find steady states where the downward draining flow
due to gravity is exactly balanced by an upward Marangoni flow. Depending on the amount
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of fluid present, one can obtain a uniform film, or have the accumulation of fluid near the
top or bottom of the sphere. The streamfunction for the internal flow is obtained for the
case of uniform film thickness, illustrating that while the profile is steady, there is continual
flow occurring within the film. In Section IV, we consider the case with a radially varying
temperature field. In the absence of gravity, we complete a linear stability analysis starting
with a uniform film and identify the set of unstable modes that include both axisymmetric
and non-axisymmetric shapes. We also carry out numerical simulations of the evolution of
a slightly perturbed initial profile and compare the numerical growth rates of the unstable
modes with the predictions from the linearized analysis. For the axisymmetric case, even
in the presence of gravity and with Marangoni effects, we find an energy functional for the
system with a dissipation property, i.e., with the energy monotonically decreasing during
the time evolution.
II. MODEL FORMULATION AND GOVERNING EQUATIONS
In this section we derive the model for the time evolution of a thin viscous liquid film
on a solid spherical object of radius R in the presence of gravity g and with an imposed
steady temperature field which will be described later. The derivation parallels the one in
our recent paper13 which focused on the effect of centrifugal forces but without Marangoni
effects. Here, we do not consider rotational effects but do allow for surface tension variation
with temperature and non-axisymmetric shapes. Let r denote the radial distance from the
origin, θ the polar angle (θ = 0 corresponds to the positive z-direction) and φ the azimuthal
angle in spherical coordinates. The imposed temperature field is a function of position given
by T (r, θ, φ). The function h(θ, φ, t) denotes the thickness of the thin film coating at time t
at each point on the spherical substrate. We assume that the model satisfies the standard
lubrication approximation constraints. The interface of the thin film r = R + h(θ, φ, t) is
the zero-level set of the function
F(r, θ, φ, t) = r −R− h(θ, φ, t) = 0 . (1)
The kinematic boundary condition DF/Dt = 0 results in
∂h
∂t
= vr − vθ
r
∂h
∂θ
− vφ
r sin θ
∂h
∂φ
, (2)
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at r = R + h(θ, φ, t).
The continuity equation ∇ · v = 0 takes the form
1
r2
∂
∂r
(r2vr) +
1
r sin θ
∂
∂θ
(sin θ vθ) +
1
r sin θ
∂
∂φ
vφ = 0 . (3)
Multiplying this equation by r2 sin θ, integrating along the r-direction from r = R to r =
R+h, and applying the Leibniz rule to bring the derivatives outside the integrals, we obtain
sin θ (R + h)2vr|R+h + ∂
∂θ
(
sin θ
∫ R+h
R
rvθdr
)
+
∂
∂φ
(∫ R+h
R
rvφdr
)
− sin θ(R + h)vθ|R+h∂h
∂θ
− (R + h)vφ|R+h∂h
∂φ
= 0 ,
(4)
where the no-penetration boundary condition vr = 0 at the solid surface r = R has also
been applied. When combined with the kinematic boundary condition, this yields the time
evolution equation for the thin film thickness h(θ, φ, t) as
sin θ (R + h)2
∂h
∂t
+
∂
∂θ
(
sin θ
∫ R+h
R
rvθdr
)
+
∂
∂φ
(∫ R+h
R
rvφdr
)
= 0 . (5)
In order to get the partial differential equation which models the time evolution of the
coating thickness h(θ, φ, t), we need to relate the velocity components vθ and vφ to h(θ, φ, t)
and its derivatives. This can be done by integrating the components of the momentum
equation under the Reynolds lubrication approximation.
Let us introduce the modified pressure P as follows:
P = p− ρ g · x . (6)
Here x is the position vector and g is the gravitational acceleration which is taken to
act in the negative z-direction. In terms of the modified pressure, under the lubrication
approximation, the r-, θ- and φ-components of the momentum equation simplify to13
∂P
∂r
= 0 , (7)
1
r
∂P
∂θ
=
µ
r2
∂
∂r
(
r2
∂vθ
∂r
)
, (8)
1
r sin θ
∂P
∂φ
=
µ
r2
∂
∂r
(
r2
∂vφ
∂r
)
. (9)
Eq. (7) implies that the modified pressure is independent of r and may only depend on θ, φ
and t. The normal stress balance at r = R+ h, requires the pressure in the film to be equal
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to the uniform pressure po in the external air plus the capillary contribution associated with
the surface tension σ of the interface and its curvature ∇·nˆ, i.e., p|r=R+h = po+σ∇·nˆ. Here,
nˆ = ∇F/|∇F| (with F given by Eq. (1)) is the unit normal at the interface pointing toward
the exterior. When the film thickness h(θ, φ, t) is much smaller than the sphere radius R,
the curvature can be approximated in a series in h, with the first two terms given by:
∇ · nˆ ≈ 2
R
− 1
R2
(
2h+
1
sin θ
∂
∂θ
(
sin θ
∂h
∂θ
)
+
1
sin2 θ
∂2h
∂φ2
)
. (10)
In terms of the modified pressure, the normal stress balance becomes:
P (θ, φ, t) = po + σ∇ · nˆ + ρg(R + h) cos(θ) . (11)
To incorporate Marangoni effects into the analysis, we need to consider the tangential
stress condition at the interface. The Marangoni effect can be thought of as an effective
tangential stress along an interface due to presence of surface tension gradients. When the
dependence of surface tension σ on the temperature gives rise to such stresses resulting in a
flow, this phenomenon is called thermo-capillary convection. The tangential stress balance
at the interface is
nˆ · (τ2 − τ1) · tˆ = ∇sσ, (12)
where nˆ and tˆ are the normal and tangential unit vectors at the interface and τ1 and τ2 are
the viscous stresses in the liquid and air phases respectively, the latter being negligible. For
small variations in temperature, the dependence of surface tension on temperature can be
linearized about a base state in the form
σ(T ) = σ(T0) +
∂σ
∂T
∣∣∣∣
T=T0
(T − T0) + · · · = σ0 + σ1(T − T0) + · · ·
where σ0 ≡ σ(T0) and σ1 ≡ ∂σ∂T
∣∣
T0
. Typically, surface tension is a decreasing function of
temperature, meaning that σ1 < 0.
Under the lubrication approximation, the θ- and φ-components of the tangential stress
balance at the interface take the forms:
µ r
∂
∂r
(vθ
r
)
=
1
r
∂σ
∂θ
at r = R + h, (13)
µ r
∂
∂r
(vφ
r
)
=
1
r sin θ
∂σ
∂φ
at r = R + h. (14)
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Noting that the modified pressure P is independent of r, the momentum equations (8)
and (9) can be integrated to obtain the following general solutions for vθ and vφ:
vθ =
1
2µ
∂P
∂θ
r − C1
r
+ C2,
vφ =
1
2µ sin θ
∂P
∂φ
r − C3
r
+ C4.
To solve for the integration “constants” (these are independent of r but may depend on
the other variables), we apply the no-slip boundary condition on the solid surface and the
tangential stress balances (13) and (14), which include the Marangoni effects, on the liquid-
air interface. These result in
C1 = −R
2(R + h)
2µ(R− h)
∂P
∂θ
+
R(R + h)
µ(R− h)
∂σ
∂θ
,
C2 = − R
2
µ(R− h)
∂P
∂θ
+
(R + h)
µ(R− h)
∂σ
∂θ
.
C3 = − R
2(R + h)
2µ(R− h) sin θ
∂P
∂φ
+
R(R + h)
µ(R− h) sin θ
∂σ
∂φ
,
C4 = − R
2
µ(R− h) sin θ
∂P
∂φ
+
(R + h)
µ(R− h) sin θ
∂σ
∂φ
.
Having found the relationships between vθ, vφ and the film thickness h(θ, φ, t), the inte-
grals within the evolution equation (5) can be evaluated and simplified. In the lubrication
limit, the film thickness h is everywhere small compared to the sphere radius R, so that all
factors R + h and R − h that appear in the resulting equation can be approximated by R
to leading order. This results in the following self-contained fourth-order partial differential
equation for the evolution of the film thickness:
∂h
∂t
− 1
R2 sin θ
∂
∂θ
(
h3 sin θ
3µ
∂P
∂θ
− h
2 sin θ
2µ
∂σ
∂θ
)
− 1
R2 sin2 θ
∂
∂φ
(
h3
3µ
∂P
∂φ
− h
2
2µ
∂σ
∂φ
)
= 0 , (15)
where
P (θ, φ, t) = ρgR cos θ − σ
R2
(
2h+
1
sin θ
∂
∂θ
(
sin θ
∂h
∂θ
)
+
1
sin2 θ
∂2h
∂φ2
)
. (16)
The Marangoni terms in the evolution equation (15) are the contributions to the flux
components proportional to ∂σ/∂θ and ∂σ/∂φ. However, there is a subtle issue with this
derivation. In particular, since surface tension σ appears in the expression for the pressure
P , it may seem that differentiating P with respect to θ or φ, as needed in the above evolu-
tion equation, would introduce additional Marangoni terms involving the derivatives of σ.
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However, scaling arguments given below will show that in the normal stress balance which
leads to the dependence of P on σ, one can simply use the leading constant term σ0 for the
surface tension, whereas in the actual Marangoni terms, it will be the next term σ1 that
plays the main role.
For the purpose of scaling the equation in the following sections, we can define the
characteristic film thickness H to be the average thickness of the thin film based on its
initial profile. One can then define the dimensionless film thickness to be hˆ = h/H . The
lubrication approximation requires  = H/R  1. Also, one can choose an arbitrary time
scale τ whose value can be determined later by scaling arguments and define a dimensionless
time tˆ = t/τ . Within the thin film equation (15), we have driving forces associated with
gravity, surface tension and Marangoni effects. The scaling we shall choose for each of the
cases below will be one in which all three of these effects are of similar orders of magnitude,
balancing one another. This will be done for two different imposed temperature fields
(vertical and radial distributions) in the next two sections.
III. VERTICAL TEMPERATURE FIELD
A. The leading order equation
Let us suppose that an externally imposed temperature field exists which varies linearly
in the vertical coordinate z with a vertical temperature gradient k1; that is,
T = T0 + k1 z = T0 + k1 r cos θ .
From the assumed linear dependence of surface tension on temperature, we thus find
σ = σ0 + σ1 k1 (R + h(θ, φ, t)) cos θ ≈ σ0 + σ1 k1R cos θ ,
at the liquid-air interface.
Using this result in the evolution equation (15), scaling h with H and t with τ as sug-
gested earlier, and simplifying to get the equation for ∂hˆ/∂tˆ, results in a dimensionless
equation in which the following three dimensionless groups appear respectively in front of
the contributions to the flux due to gravity, surface tension and Marangoni effects (in the
θ-derivative):
G ≡ ρgH
2τ
3µR
, S ≡ σ0H
3τ
3µR4
, and M≡ σ1k1Hτ
2µR
. (17)
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Note that the Marangoni parameter M may be negative since σ1 and k1 can have either
sign. We seek a model in which all the above mentioned effects are present and of the same
orders of magnitude. To balance these three terms, we thus need
σ1k1 ∼ 2σ0
R
∼ ρgR .
Equivalently, the constant part of surface tension σ0 must be fairly large compared to gravi-
tational effects (σ0 ∼ ρgR2/) in order for capillarity and gravity to both be important. Also
the typical variation in surface tension across the length of the film (σ1k1R) due to temper-
ature gradients, must be quite small compared to the constant part of the surface tension
σ0, i.e., σ1k1R ∼ 2σ0. In this limit, all three effects (gravity, capillarity and Marangoni)
contribute equally to the film evolution and the dimensionless groups G, S and M intro-
duced above are all of order unity. Time scale τ can be chosen to make any one of the
three parameters equal to one exactly, if desired. Also, in the normal stress balance at the
interface, p|r=R+h = po +σ∇ · nˆ, one can replace σ with σ0 without affecting the subsequent
evolution equation at leading order.
Under this scaling, in the φ-derivative term of the evolution equation, only the capillarity
term due to the normal stress balance contributes at leading order. The scaled evolution
equation (from which the hats have been dropped for clarity), takes the form:
∂h
∂t
+
1
sin θ
∂
∂θ
{
sin θh3
[
G sin θ + S ∂
∂θ
(
2h+
1
sin θ
∂
∂θ
(
sin θ
∂h
∂θ
)
+
1
sin2 θ
∂2h
∂φ2
)]
−M sin2 θh2
}
+
1
sin2 θ
∂
∂φ
{
Sh3 ∂
∂φ
(
2h+
1
sin θ
∂
∂θ
(
sin θ
∂h
∂θ
)
+
1
sin2 θ
∂2h
∂φ2
)}
= 0.
where parameters G, S and M are given by equation (17).
With the change of variable x = − cos θ, the equation becomes
∂h
∂t
+
∂
∂x
{
(1− x2)h3
[
G + S ∂
∂x
(
2h+
∂
∂x
(
(1− x2)∂h
∂x
)
+
1
1− x2
∂2h
∂φ2
)]
−M(1− x2)h2
}
+
1
1− x2
∂
∂φ
{
Sh3 ∂
∂φ
[
2h+
∂
∂x
(
(1− x2)∂h
∂x
)
+
1
1− x2
∂2h
∂φ2
]}
= 0 , (18)
over the range −1 < x < 1 and t > 0. It is this form of the equation that is used in the
numerical simulations presented below.
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FIG. 1. When G = 1, S = 1 and M = −1, the slightly perturbed initial state h =
1 + 10−5 cos(10x) cos(10φ) will become uniform eventually. The time values from left to right
are t = 0, t = 10−5, t = 2× 10−5, t = 3× 10−5 and t = 5× 10−5.
FIG. 2. When G = 1, S = 1 and M = 1, with the initial thickness given by h = 1.01 +
10−5 cos(10x) cos(10φ), the solution shown at times t = 0, t = 5× 10−5, t = 10−4, t = 1.5× 10−4,
t = 2 × 10−4 develops a hanging drop profile near the bottom of the sphere, being thicker at the
bottom than on top.
B. Uniform films and their stability
Equation (18) admits a steady solution with a uniform film thickness h provided that
Gh3 −Mh2 = 0, or when h =M/G. In terms of dimensional parameters, this corresponds
to a film of thickness 3σ1k1/(2ρg) provided that σ1k1 > 0. For a given slope σ1 of the
surface tension versus temperature curve and a given vertical temperature gradient k1, only
a film of that particular thickness can remain uniform along the entire spherical surface. In
that state, the draining of the film due to gravity perfectly balances the upward flow caused
by the temperature gradient (and Marangoni effect) to keep the film steady and perfectly
FIG. 3. When G = 1, S = 1 and M = 1, with initial thickness given by h = 0.99 +
10−5 cos(10x) cos(10φ), the solution shown at times t = 0, t = 5× 10−5, t = 10−4, t = 1.5× 10−4,
t = 2 × 10−4 develops a bump near the top of the sphere, being thicker at the top than at the
bottom.
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FIG. 4. When G = 2, S = 1 andM = 1, the solution shown at times t = 0, t = 10−5, t = 2×10−5,
t = 3× 10−5 and t = 5× 10−5 develops a hanging drop shape near the bottom of the sphere.
FIG. 5. When G = 1, S = 1 andM = 2, the solution shown at times t = 0, t = 10−5, t = 2×10−5,
t = 3× 10−5 and t = 5× 10−5 develops a steady bump near the top of the sphere.
uniform. A natural question to ask is what happens if an initial film of that thickness is
perturbed slightly in θ and φ, or if the volume of the film is such that its initially uniform
thickness is either smaller or larger than that particular value.
For convenience, if we focus on the case G −M = 0, the uniform film thickness would
be h = 1. To check the stability of that state by numerical simulations, in Figure 1 we
show the evolution of a slightly perturbed film computed by COMSOL and observe that,
without perturbing the overall volume of the film, such a film relaxes back to its original
uniform state where the gravity and Marangoni effects are in balance. The uniform steady
−1 −0.5 0 0.5 1
0.85
0.9
0.95
1
x
h
−1 −0.5 0 0.5 1
0.985
0.99
0.995
1
x
h
−1 −0.5 0 0.5 1
1
1.05
1.1
x
h
−1 −0.5 0 0.5 1
1
1.005
1.01
1.015
x
h
FIG. 6. The initially uniform and the final steady state profiles when G = 10, S = 1 and M = 10;
the initial conditions in the top left and top right profiles are given by h = 0.99 and h = 0.999,
respectively, and those in the bottom left and bottom right profiles are h = 1.01 and h = 1.001.
11
state is thus stable with respect to small perturbations which do not change the total mass
(or volume) of the liquid.
However, that uniform state is unstable to perturbations that change the mass (or average
initial thickness) of the liquid film away from its equilibrium state. If the the perturbation
increases the mass slightly, the gravitational term dominates and and the uniform shape
develops a droplet profile at the bottom of the sphere, as seen in Figure 2, but if the
perturbation decreases the mass or the average film thickness, the Marangoni effect wins
and the uniform profile develops a bump near the top of the sphere, as seen in Figure 3.
If G −M 6= 0, then the uniform thickness h = 1 is not a stationary solution. Starting
with a film of average initial thickness 1, if G−M > 0, the combined gravity and Marangoni
effects will drive the fluid downward and the steady state shape will be like a hanging drop
near the bottom of the sphere, i.e., gravity wins (see Figure 4); whereas if G −M < 0, the
combined gravity and Marangoni effect will drive the fluid upward to form a bump near the
top of the sphere, i.e., Marangoni wins (see Figure 5).
The smaller the initial perturbation in volume, the smaller would be the deviation of the
final stationary shape from the uniform one. This can be seen in Figure 6 where for the case
G = M = 10 that still corresponds to equilibrium thickness h = 1, the initial profile and
the final steady state profile are plotted when the initial thickness has values 0.99, 0.999,
1.001 and 1.01. As expected, initial films that are thicker than the uniform equilibrium
value develop maxima near the bottom of the drop (at x = 1), whereas the initially thinner
films develop minima near the bottom. Interestingly, the steady state film thickness is not
a monotonically increasing or decreasing function in either case.
C. Streamlines for the steady surface flow
For the case G = M, The uniform film h = 1 is a steady state solution. To obtain the
streamlines of the flow taking place within this uniform film, it is convenient to transform
the radial coordinate to a new variable y (scaled and dimensionless) that ranges from 0 to
1 across the film thickness. Let us choose y = (r −R)/(R). Recall that  = H/R where H
would be the dimensional uniform film thickness. Rewrite Eq. (8) and Eq. (13) in terms of
12
variable y and take the leading order to get
∂2vθ
∂y2
=
2R
µ
∂P
∂θ
with boundary conditions
vθ = 0 at y = 0 ,
∂vθ
∂y
=

µ
∂σ
∂θ
at y = 1 .
Note that only variable y is dimensionless, with all other variables and parameters still being
dimensional. Solve for vθ to get
vθ =
2R
2µ
∂P
∂θ
(y2 − 2y) + 
µ
∂σ
∂θ
y .
While it may appear that the two terms in this equation are of different orders, because
the Marangoni term is an order of  smaller than the gravity term, the two terms in the
equation are of the same order of magnitude, as will be seen below. When the film is of
uniform thickness, from the expression (16) for the pressure field we find that
∂P
∂θ
= −ρgR sin θ .
Also, from (17), when G =M, we have that:
∂σ
∂θ
= −σ1k1R sin θ = −2
3
ρgRH sin θ.
Thus the expression for vθ simplifies to:
vθ =
2ρgR2 sin θ
µ
(
y
3
− y
2
2
)
.
This is a quadratic profile which changes sign at y = 2/3, with the fluid flowing downward
due to gravity in the bulk region 0 < y < 2/3, but flowing back up due to the Marangoni
effect in 2/3 < y < 1 near the interface, with zero net flux across the whole cross section.
Substituting vθ into the continuity equation (3), we can solve for vr:
vr =
3ρgR2 cos θ
3µ
(y3 − y2) .
The streamfunction corresponding to this flow is given by
ψ =
2ρgR2
6µ
sin2 θ (y3 − y2) = 
2ρgR2
6µ
(1− x2) (y3 − y2) .
In this case, the velocity components are related to the streamfunction by vr =

sin θ
∂ψ
∂θ
and
vθ =
−1
sin θ
∂ψ
∂y
. The streamlines are illustrated in Figure 7.
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FIG. 7. Streamlines in Cartesian and spherical coordinates.
IV. RADIAL TEMPERATURE FIELD
A. The leading order equation
In this section, we consider the specific case where the externally imposed temperature
field is a linear function of r only:
T = T0 + k2(r −R).
Temperature T0 is a uniform temperature along the surface of the solid sphere and depend-
ing on whether the gradient k2 is positive or negative, temperature increases or decreases
outward from the surface. As such, the surface tension σ of the liquid-air interface at coor-
dinate (θ, φ) depends directly on the film thickness h(θ, φ, t). In this sense, we can treat σ
as a function of h:
σ = σ0 + σ1k2h.
The sign of the product σ1k2 determines whether surface tension is higher or lower in regions
where the film is thinner or thicker.
Using this result for the surface tension in the evolution equation (15), scaling h with H
and t with τ as before and simplifying results in a dimensionless evolution equation in which
the following three dimensionless groups appear respectively in front of the contributions to
the flux due to gravity, surface tension and Marangoni effects (in the θ-derivative):
G = ρgH
2τ
3µR
, S = σ0H
3τ
3µR4
, and N = σ1k2H
2τ
2µR2
. (19)
The first two parameter are the same as before, while the third, measuring Marangoni effects,
is a little different. To balance these terms so that all effects are comparable and present at
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leading order we now need
σ1k2 ∼ σ0
R
∼ ρgR ,
which is different from the scaling in the case of a vertical temperature gradient with respect
to the Marangoni effect.
Under this scaling, surface tension and Marangoni effects will also appear in the φ-
derivative terms. The leading order evolution equation assumes the form
∂h
∂t
+
1
sin θ
∂
∂θ
(
sin θh3
(
G sin θ + S ∂
∂θ
[
2h+
1
sin θ
∂
∂θ
(
sin θ
∂h
∂θ
)
+
1
sin2 θ
∂2h
∂φ2
])
+N sin θh2∂h
∂θ
)
+
1
sin2 θ
∂
∂φ
[
Sh3 ∂
∂φ
(
2h+
1
sin θ
∂
∂θ
(
sin θ
∂h
∂θ
)
+
1
sin2 θ
∂2h
∂φ2
)
+Nh2∂h
∂φ
]
= 0 .
After the change of variable x = − cos θ and upon neglecting gravity for the time being
(i.e., setting G = 0) the equation becomes
∂h
∂t
+
∂
∂x
{
Sh3(1− x2) ∂
∂x
(
2h+
∂
∂x
(
(1− x2)∂h
∂x
)
+
1
1− x2
∂2h
∂φ2
)
+N (1− x2)h2∂h
∂x
}
+
1
1− x2
∂
∂φ
{
Sh3 ∂
∂φ
[
2h+
∂
∂x
(
(1− x2)∂h
∂x
)
+
1
1− x2
∂2h
∂φ2
]
+Nh2∂h
∂φ
}
= 0 .
In the absence of gravity and with a radially symmetric temperature field, it is expected
that a uniform film thickness (e.g., h(x, φ, t) = 1) should be a solution to the above equation,
which is obviously the case. We are interested in the stability of this solution. In order to
investigate this, consider a slight perturbation of that solution in the form:
h(x, φ, t) = 1 + εh˜(x, φ, t) .
Substituting into the evolution equation and taking the limit as ε → 0, we obtain the
linearized equation (dropping the tilde for convenience):
∂h
∂t
+
∂
∂x
{
S(1− x2) ∂
∂x
(
2h+
∂
∂x
(
(1− x2)∂h
∂x
)
+
1
1− x2
∂2h
∂φ2
)
+N (1− x2)∂h
∂x
}
+
1
1− x2
∂
∂φ
{
S ∂
∂φ
[
2h+
∂
∂x
(
(1− x2)∂h
∂x
)
+
1
1− x2
∂2h
∂φ2
]
+N ∂h
∂φ
}
= 0.
Upon assuming a modal decomposition for the small perturbation h in the form
h(x, φ, t) = eλt+imφPml (x)
where Pml (x) is the associated Legendre function, which is a solution of
d
dx
(
(1− x2)dP
dx
)
+
(
l(l + 1)− m
2
1− x2
)
P = 0,
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the growth or decay rates λ are found to be
λl = l(l + 1) [S(2− l(l + 1)) +N ] .
Interestingly, the rates are independent of the index m of the azimuthal modes.
The stability of a mode with index l depends upon the sign of N . (Note that the
dimensionless group S is always positive.) If N < 0, λ is negative for all positive l, which
mean that the uniform film thickness is a stable solution. If N > 0, λ may be positive
for some small values of l, but will become negative with increasing l; therefore a certain
range of mode numbers may be unstable. An intuitive explanation of the instability is as
follows. For N > 0, surface tension is higher where the film is thicker and lower where
the film is thinner. As such, if an initially uniform film is perturbed, the Marangoni effect
which drives the surface flow from low to high surface tension regions causes the bulk fluid
to be “pumped” away from the thin regions (with low surface tension) towards the thick
regions (with high surface tension), thereby causing the thin regions to become thinner and
the thick regions to become thicker, amplifying the initial perturbation.
B. Numerical simulations
To check the stability predictions numerically, we choose S = 1 and N = 20. Also we
choose the amplitude of the initial perturbation to be ε = 10−5. The relationship between
the eigenvalues λ and modes l is plotted in Figure 8 to illustrate that the higher modes are
stabilized (λ < 0) due to surface tension S. The most unstable mode for these parameter
values corresponds to l = 3.
For an axisymmetric initial condition, we choose l = 3 and m = 0. We can simplify
the evolution equation when the film thickness h is independent of φ. We carry out the
numerical simulations of the full nonlinear equation in COMSOL Multiphysics. The initial
condition is
h(x, 0) = h0(x) = 1 + 10
−5(5x3 − 3x)/2 .
For l = 3, the predicted growth rate is λ = 120. We can estimate the growth rate from the
numerical simulations using
λnum =
1
t
ln
(
maxx h(x, t)
maxx h(x, 0)
)
.
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FIG. 8. Growth/decay rates λ versus Legendre mode number l for S = 1 and N = 20.
t maxx h(x, t) λnum
10−3 1.1277 120.18
2× 10−3 1.2722 120.37
4× 10−3 1.6212 121.06
TABLE I. Growth rate λnum calculated for the axisymmetric initial condition (l = 3, m = 0) at
different times with parameters S = 1 and N = 20.
The results are shown in Table I. We find that the nonlinear time evolution of the film
thickness is captured well by the linear approximation for small times. The analytically
computed profile from the linearized model and the numerical solution of the full nonlinear
equation are plotted together for comparison in Figure 9, together with the L2-distance
between them as a function of time. While for small times there is good agreement between
the linear and nonlinear dynamics, as time goes by, the two solutions deviate significantly.
If we consider both θ and φ dependence and carry out the simulations using the two-
dimensional equation, with l = 3 and different choices of m, we can verify the analytical
stability result with varying degrees of accuracy depending on the value of m. Since the
three-dimensional results are difficult to compare visually, we also provide a comparison of
the height profiles along the a spiral line on the sphere: φ = pi(1− cos θ), which corresponds
to the diagonal line of the rectangular domain −1 < x < 1 and 0 < φ < 2pi.
The result for m = 0 through m = 3 are shown in Figures 10–13 respectively. For the
axisymmetric m = 0 case, good agreement remains through time t = 0.01 while for the
m = 2 and m = 3 cases, similar agreement can only be obtained until a much shorter time
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FIG. 9. Comparison between analytical and numerical results. Left panel is at time 0.05; middle
panel is at time 0.1. The L2-distance between numerical and analytical results from t = 0 to
t = 0.05 is shown in the right panel.
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FIG. 10. Results for m = 0 and l = 3 at t = 0.01. From left to right are the numerical result, the
analytical result and the profile comparison on the spiral line φ = pi(1− cos θ).
of t = 0.001. The case m = 1 yields the worst agreement, which is associated with the
Legendre function P 13 (x) being the least smooth among P
m
3 (x). The L
2-difference between
computational and analytical results for different m are shown in Figure 14, illustrating that
the linear model approximates the short time non-linear dynamics sufficiently well.
Using a similar procedure to the earlier axisymmetric case, the growth rate derived from
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FIG. 11. Results for m = 1 and l = 3 at t = 0.001. From left to right are the numerical result, the
analytical result and the profile comparison on the spiral line φ = pi(1− cos θ).
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FIG. 12. Results for m = 2 and l = 3 at t = 0.001. From left to right are the numerical result, the
analytical result and the profile comparison on the spiral line φ = pi(1− cos θ).
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FIG. 13. Results for m = 3 and l = 3 at t = 0.001. From left to right are the numerical result, the
analytical result and the profile comparison on the spiral line φ = pi(1− cos θ).
the simulation is shown in Table II. For each case, the growth rates are estimated using
both L∞ and L1 norms of the numerical results. Whereas the analytical growth rate is
predicted to be 120 for all cases, the numerical results show varying degrees of agreement,
with differences as high as 18% in some cases.
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FIG. 14. L2-difference between analytical and numerical results versus time. From left to right are
m = 0, m = 1, m = 2 and m = 3.
19
t = 10−5 t = 10−4 t = 5× 10−4
m = 0 120.93, 120.16 120.47, 120.36 121.74, 121.73
m = 1 121.81, 136, 71 133.53, 126.20 123.20, 107.62
m = 2 139.82, 136.07 142.50, 134.93 142.48, 134.67
m = 3 129.90, 124.05 129.35, 124.54 132.51, 125.33
TABLE II. Growth rate λ calculated from the numerical results. The pair of values for each case
include the value based on the L∞ norm on the left and that based on the L1 norm on the right.
The numerical tolerance was set to 10−7 in COMSOL, and the maximum time step was taken to
be ∆t = 10−6.
C. Energy functional for the axisymmetric case
When the film profile is independent of φ, we have been able to find a corresponding
energy functional whose time-derivative is negative under the governing dynamics, showing
that the system is dissipative. We still take the temperature field to to be purely in the
radial direction and gravity to be zero. The corresponding evolution equation is given by
∂h
∂t
+
∂
∂x
{
Sh3(1− x2) ∂
∂x
[
2h+
∂
∂x
(
(1− x2)∂h
∂x
)]
+Nh2(1− x2)∂h
∂x
}
= 0
where parameter S relates to surface tension and N to the Marangoni effect.
Multiply h by the multiplier
−S
2
(
2h+
∂
∂x
(
(1− x2)∂h
∂x
))
−N (lnh− 1)
and integrate over x in [−1, 1] to obtain the functional E(h):
E(h) =
∫ 1
−1
−Sh
2
(
2h+
∂
∂x
(
(1− x2)∂h
∂x
))
−Nh(lnh− 1)dx (20)
=
∫ 1
−1
−Sh2 + S
2
(1− x2)h2x −Nh(lnh− 1)dx . (21)
Here, subscripts on h refer to corresponding partial derivatives.
Take the derivative of E with respect to time t and simplify using integration-by-parts and
by invoking the evolution equation to relate the time-derivative ht to the spatial derivative
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term, resulting in
d
dt
E(h) =
∫ 1
−1
−2Shht + S(1− x2)hxhxt −Nht lnh dx
= −
∫ 1
−1
[
2Sh+ S((1− x2)hx)x +N lnh
]
ht dx
= −
∫ 1
−1
h3(1− x2)
[
2Shx + S((1− x2)hx)xx +N 1
h
hx
]2
dx .
As h and (1− x2) are non-negative on [−1, 1], we conclude that d
dt
E(h) ≤ 0.
Mathematically, the energy functional (21) allows one to prove the existence of the min-
imizer for the axisymmetric case. However, in addition to the energy decay property, one
must also show that this functional is bounded from below. To establish a lower bound for
E(h), we can use the result from23 that h(x, t) belongs to a Sobolev space H1 with weight
1−x2. This establishes that the integral ∫ 1−1(1−x2)h2xdx is bounded from below. The other
two terms contributing to E(h) are easily seen to be bounded from below and therefore so
is E(h) itself.
Upon minimizing E(h) subject to the mass conservation constraint∫ 1
−1
h dx = M.
we obtain the Euler-Lagrange equation with a Lagrange multiplier λ (note that λ in this
section is not the same as the growth rate from the linearized stability analysis):
S d
dx
(
(1− x2)dh
dx
)
+ 2Sh+N lnh = λ . (22)
Numerically we find that with a slightly perturbed initial condition h0(x) = 1+0.001 sin(2pix)
and parameters G = 0, S = 1 and N = −2, the thin film will become uniform and during
this process, energy will approach to an equilibrium corresponding to λ = 2 (see Figure 15).
It turns out to be possible to include the effects of gravity, characterized by parameter
G, in this derivation. In that case, one can show that the energy functional becomes:
E(h) =
∫ 1
−1
−Gxh− Sh
2
(
2h+
∂
∂x
(
(1− x2)∂h
∂x
))
−Nh(lnh− 1) dx ,
with the corresponding Euler-Lagrange equation:
S d
dx
(
(1− x2)dh
dx
)
+ 2Sh+ Gx+N lnh = λ .
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FIG. 15. Top: h(x, t) at time t = 0, 0.05, 0.5 with G = 0, S = 1 and N = −2; bottom: energy
approach to its equilibrium.
These nonlinear differential equations that include the logarithmic term ln(h) can be solved
to obtain the long-time, energy-minimizing, equilibrium shape of the axisymmetric film in
the presence of a radial temperature gradient. Numerically we find that with a slightly
perturbed initial condition h0(x) = 1 + 0.001 sin(2pix) and parameters G = 2, S = 1 and
N = −3, gravity will drive the fluid to accumulate near the bottom of the sphere and during
this process, the energy approaches an equilibrium corresponding to the value λ = 2.21 (see
Figure 16).
V. DISCUSSION
For the case of a thin viscous liquid film coating a sphere with an imposed axial (i.e.
vertical) or radial temperature gradient, we have been able to derive a closed-form nonlinear
fourth-order partial differential equation that governs the evolution of the film thickness
accounting for gravitational, capillary and Marangoni effects.
Assuming a linear variation of surface tension with temperature and a linearly varying
axial temperature field, we found that there is a particular uniform film thickness (i.e.,
fluid volume) where, despite a continual internal flow, the film profile remains constant and
steady. In that state, the downward draining flow due to gravity is balanced exactly by
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FIG. 16. Top: h(x, t) at time t = 0, 0.3, 1 with G = 2, S = 1 and N = −3; bottom: energy
approach to its equilibrium.
the upward flow due to Marangoni effects (provided that the surface tension near the north
pole is higher than that near the south pole). Moreover, our analysis showed that if the
fluid volume is slightly increased from that state, the fluid tends to accumulate near the
bottom of the sphere, whereas if the volume is slightly decreased, the film thins out near the
bottom and bulges out above, though not exactly at the north pole. This analysis suggests
a potential experimental method for measuring, indirectly, the slope of the surface tension
versus temperature curve. For instance, one can slowly add volume to a liquid coating to see
at what point the film thickness become exactly uniform. Conversely, for a fluid that might
slowly evaporate over time, one can start with excess fluid, which produces a bulge near the
bottom of the sphere and observe, as the volume decreases slowly by evaporation, the film
first become uniform in thickness and then thin out near the bottom. If the (dimensional)
steady uniform film thickness hs can be measured in this manner, the parameter σ1 can be
obtained from our theoretical prediction: σ1 = 2ρghs/3k1. Typically, both k1 and σ1 would
be negative numbers in this case.
For a radially varying temperature field, we were able to show that an initially uniform
film may become unstable provided that surface tension becomes lower in regions where
the film thins out and higher where it bulges out. So, if surface tension decreases with
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increasing temperature, the imposed temperature field must be higher at the sphere surface
and decrease radially outward. This is consistent with the finding by12. In the axisymmetric
case, we could also find an energy functional with the dissipation property and bounded
from below, so that the evolution of the film thickness takes the energy level toward a
minimum. To show that the Euler-Lagrange equation that describes the minimum of the
energy functional does have a proper mathematical structure, we can apply local analysis to
show that it admits zero-contact-angle non-negative solutions near the transition between
dry and wet zones on the surface. Without loss of generality, let us assume that the touch-
down point is at x0 = 0. Hence, locally in the neighborhood of x0 the differential equation
(22) simplifies to
h′′ + 2h+ α lnh = β
where α = N /S and β = λ/S. By reduction of order, i.e., multiplying the equation by h′
and integrating we obtain
(h′)2
2
+ h2 + αh(lnh− 1)− βh = c
where c is the integration constant. A zero contact angle h′(0) = 0 implies that the integra-
tion constant is c = 0 resulting in
h′ = ±
√
2[(α + β)h− h2 − αh lnh] .
To get a local non-negative solution we would choose the plus sign. Local existence follows
from the continuity of the right side of the equation at h(0) = 0 at 0+.
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